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1. Denoising Diffusion Causal
Discovery



1.1 Background and Related Work

1.1.1 Structural Equations Models
For Linear SEM:

𝑋 = 𝑋𝑊 + 𝐸, min
𝑊

1
2𝑛

‖𝑋 − 𝑋𝑊‖2
𝐹 + 𝜆1 ‖𝑊‖1 + 𝜆2 ‖𝑊‖2.

For nonlinearity:

𝑋 = 𝑓(𝑋; 𝑊) + 𝐸 = 𝑓2(𝑓1(𝑋)𝑊) + 𝐸.

1.1.2 Continuous DAG Constraint
ℎ(𝑊) = tr(𝑒𝑊○𝑊 ) − 𝑑

1.1.3 Denoising Diffusion Probabilistic Models
Updating Rule:

𝑥𝑡 = √1 − 𝛽𝑡𝑥𝑡−1 + √𝛽𝑡𝑧𝑡−1

= √ ̄𝛼𝑡𝑥0 + √1 − ̄𝑎𝑡𝑧
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1.2 Methods
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1.2 Methods

1.2.1 Denoising Diffusion Models for Linear SEMS

min
𝑊

1
2𝑛

‖(𝑋𝑡 − 𝑋𝑡𝑊)⏟⏟⏟⏟⏟
predicted noise

− 𝑑𝑖𝑎𝑔(√1 − ̄𝛼𝑡)𝑍(𝐼 − 𝑊)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
expected noise

‖2
𝐹 + 𝜆1 ‖𝑊‖1 + 𝜆2 ‖𝑊‖2
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1.2 Methods

1.2.2 Denoising Diffusion Models for Nonlinear SEMs
𝑌 = 𝑓1(𝑋) + 𝐸1

𝑋 = 𝑓2(𝑌 𝑊) + 𝐸2

𝑌 = 𝑌 𝑊 + 𝐸3

min
𝑊

1
2𝑛

‖(𝑋 − 𝑓2(𝑓1(𝑋)𝑊))⏟⏟⏟⏟⏟⏟⏟⏟⏟
reconstruction error

+ (𝑌𝑡 − 𝑌𝑡𝑊)⏟⏟⏟⏟⏟
predicted noise

− 𝑑𝑖𝑎𝑔(√1 − ̄𝛼𝑡)𝑍(𝐼 − 𝑊)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
expected noise

‖2
𝐹

+𝜆1 ‖𝑊‖1 + 𝜆2 ‖𝑊‖2
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2. Gradient Based Causal Discovery
with Diffusion Model



2.1 Representing SCM by Diffusion Process

A linear SCM:

𝑋 = 𝐴𝑋 + 𝑍 = (𝐼 − 𝐴)−1𝑍.

Nonlinear extension:

𝑋 = 𝑔((𝐼 − 𝐴)−1𝑓(𝑍))

𝑔−1(𝑋) = 𝐴𝑔−1(𝑋) + 𝑓(𝑍)

Forward Process:

𝑍 = 𝑓−1((𝐼 − 𝐴)𝑔−1(𝑋))

𝑋 → diffusion → (𝐼 − 𝐴) → diffusion → 𝑍

Reverse Process:

𝑍 → reverse⏟
𝑓

→ (𝐼 − 𝐴)−1 → reverse⏟
𝑔

→ 𝑋̄
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2.1 Representing SCM by Diffusion Process
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2.1 Representing SCM by Diffusion Process

Objective:

min
𝐴,Θ

𝐿(𝐴, Θ) + 𝜆ℎ(𝐴),

where 𝐿(𝐴, Θ) is the diffusion ELBO loss and ℎ(𝐴) is the DAG constraint.
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3. Previous work about Diffusion X
Causal Discovery



ICLR 2023: Diffusion Models for Causal Discovery via
Topological Ordering



3.1 Finds Leaves with the Score

1. Lemma: Leaf node 𝑗 satisfies Var𝑋[𝐻𝑗,𝑗(log 𝑝(𝑥))] = 0.

2. In Diffusion models, we leverage the fact the the trained model 𝜀𝜃 approximates the score
∇𝑥𝑗

log 𝑝(𝑥) of the data.

3. Thus we will approximate the score’s Jacobian via diffusion training:

𝐻𝑖,𝑗 log 𝑝(𝑥) ≈ ∇𝑖,𝑗𝜀𝜃(𝑥, 𝑡).
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4. Uncertainty - related work



4.1 Uncertainty modeling for fine-tuned implicit functions

Title: Uncertainty modeling for fine-tuned implicit functions, for applications in implicit neural
representation like NeRF.
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4.2 Detecting Discrepancies between AI-Generated and Natural Images using Uncertainty

Simply a weight-space perturbation method.
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5. Passing by the Diffusion Models



5. Passing by the Diffusion Models
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5. Passing by the Diffusion Models
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5.1 Representation Alignment
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5.2 Shortcut Models
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5.2 Shortcut Models
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6. Plan for Next Week



6. Plan for Next Week

1. Explore relative works from NeurIPS 2024 Accepted List and ICLR 2025 Submmision List

2. Getting familiar with and running the code of other Bayesian Causal Discover Methods,
such as, DiBS, BCD Nets, MC3…

3. Further reading about Generative Model related Uncertainty/Causal Discovery
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